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Hagen-Poiseuille flow

This text is integrating part of the homonymous link in PEEI: a computer program for the
numerical solution of systems of partial differential equations.

System of measurement: International System of Units

Coordinate system: Cylindrical

Coordinates: c of which c={c;;i=1,3} H(c1)=[0,00) R(c2)=[0,2-1) R(c3)=(-00,0)
Coordinate versors: {k;;i=1,3}

Unknown functions: {W;,W,,W;,P} of which W=Xi_,3(W;i-k;), [Wi]=[speed], W the velocity
vector, [P]=[pressure].

Deduction of the differential analytical model:

The C1=C1(§)E(X12+X22)0'5 C2=C2(§)EarCSin(Xz/(X12+X22)0'5)=arCtan<X2/X1>+K C3=C3(§)EX3 of
which x={x;i=1,3} JR(xi)=(—o0,0), imply the x=x(c)=c-COS(C2) x2=xa(C)=c-SIN{C2) x3=
x3(c)=cs, where x are the coordinates of a Cartesian coordinate system that have the versors
{vi;i=1,3}, and K is a constant determined by the trigonometric quadrant of {x,,x,}. Hence

601/8X1=COS<C2>=X1/C1 aC1/8X2=Sin<C2>=X2/Cl 8C2/6X1=—Sin<C2>/C1=—X2/C12
802/8X2=COS<C2>/C1=X1/C312 0C1/0x3=0C2/0x3=0C3/0x1=0C3/0x>=0 Oc3s/0x3=1
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Onhi=0Ch/Oxi=0n1i3-On2i3-Onzi1-Onziz-((Ontir- X 1+0h1i2- X2)/ C14+(Ohaiz X 1—Oh2i1* X2)/C 1 +Oh3i3)
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O 1ij=0" Ch/0Xi0xj=0n1i3Oh1j3-Oh2i3-Ohaj3-Onsi1*Ohsj1 - Onsiz Onsjo-

« « « 3, < 2 < < 4
(6j1'(Ohlil/Cl—(Ohlil'X1+0h1i2'X2)'X1/C1 +0mn2i/C1 _2'(0h2i2'X1_0h2i1'X2)'X1/C1 )+
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where Oijnk=1—0ijnk, Oijnk=0 if i=) h=k and otherwise Ojjnk=1.

The ki=Zii3(kiv;) implies K= 3(ki;v;vj). This and v;-v;i=0;; (where {0;=0;Vi#j} {di=1;
Vi=j}), imply k;-vj=k;; and then k;j=C0S(cj) where aj is the angle between k; and v;. Hence

Kii=K2=x1/C1 K33=1 K12=—K21=X2/C| K13=K23=K3=K3,=0
Kii=0i1j3-Oi2j3-Oizj1-Oizj2-((Oi1j1+01i2j2)- 1/ C1-H(Bi1jo—Oizj1 )- X2/ C1+0isi3)

Biin=0Kij/ 0xn=0i1j3-Oinj3-Ozj1-Oisja- (On1 - ((Oinj1+Onja)/ € 1—((Sinji+0inj2) X1+H(Binjp—Oioj1)-X2)-x1/C1 )+
6h2'((6i1j2—6i2j1)/C1—((511j1+5izj2)'X1+(611j2—6izj1)'X2)'X2/C13))
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6zijthazKij/aXhan=—6i1j3'6izj3'613]'1'6i3j2'(5k1 '(5h1 '(2'(6i1j1+6i2j2)'X1/C13+
((6i1j1+6i2j2)'X1+(6i1j2_6i2j1)'X2)'(C1_3_3‘Xlz/CIS))+

Oha-((Bi1j2—=0ij1 ) %1/ 1 +H(Oinji+Oijn ) x2/ 1= 3+((Oinj1+Onja)- x1+(Ditjo—0iaj1 ) X2) X 1- X2/ C1 ) )+
5k2'(5h1'((611j1+5izj2)'X2/C13+(6i1j2—6i2j1)'X1/C13—3'((6i1j1+5izj2)'X1+(511j2—6i2j1)'Xz)'Xl'Xz/C15)+
6h2‘(2'(5i1j2—5i2j 1)-Xa/C 13+((511j1+5i2j2)'X1+(511j2—5izj 1)-x2)+(c 1_3—3 'X22/015))))

The vi-v=0jj Ki-Vj=Kijj Zj=1 3(Vj-Kj)=2Zj=13(V;-vj), imply

Vi=Zi=1 3(VjKji) (1)
From F(x)=F(c(x)) where c(x)={ci(x);i=1,3}, follows

OF(x)/0%=0F(c(x))/0xi=Si-1 5((OF(c(3))/0c:)-(Oci x)/0x1) /=i 5((OF/DC:)-01) )

O’F(x)/0%i0x=0"F(c(x))/0xi0x=0(OF(c(x))/0xi)/0x=Li1 5(O((OF(c(x))/0ci)-(Oci x)/0%i) )/ 0xj)=
Zim13((OF(c(x))/0ci)(0°ci(x)/0%i0%))H O x)/0xi) Zi=1 5((0°F(c(x))/OciOc))-(Oc(x)/0x;)) )=
S i1 3((OF/OC)- O+ e (it Oj- (°F/BCi0)))) 3)

The continuity equation for incompressible fluids and the stationary incompressible Navier-
Stokes equations for constant viscosity, in Cartesian coordinates are respectively

Tic1 3(OWi/0x1)=0 4)
{P-(Zic1 3(Wj-(OWi/0x4))—Fi)+OP/Oxi— - Zic1 3(Zhet 3(Zke 3(Sjikh-(8° Wi/ 0x10%))))=0;i=1,3} %)

of which: W=X_, ;(W;-v;), [Wi]=[speed], [p]=[density], F=Zi-is(Fi-vi), [Fi]=[force/mass], F the
body force vector per unit mass, []=[dynamic viscosity], &ijkn=0ik-Ojn+Ojk-Oin—(2/3)-Onk-Oj.

From Zi- 3(Wi-vi))=Zi=1 3(Wi-Ki) and (1) follows Wi=Zi- 3(W;j-j). This, (4) (5) (2) and (3), imply
(6) and (7).

Differential analytical model:
Zic1 3(Zj=1,3(Fjii Wit Zh=1,3(Kji- Oni(OWj/Ocn) )))=0 (6)

{Zi=1,3(0ji-(OP/Ocj)+

h=1,3(Zk=1,3(P-Knj-Okij Wh- Wit

2m=1,3(P-Knj*Kki*Omj* Wh*(OWi/OCm)—H ‘6jikh'@2mkhj'Wm—

M-SjikhZnzt,3((Onj Omkti+Onh-Omij+Kmk-0 nhj)-(OWim/Ocn )+

Zp=1,3(Kimk Onh- Opj- (0" Wi/ OcnOcp)))))))—P-Fi=03i=1,3} (7)

of which p=998.2071 u=0.001003. The (6) and (7) are respectively, in cylindrical coordinates,
the continuity equation for incompressible fluids and the stationary incompressible Navier-
Stokes equations for constant viscosity.

Known functions: {F;;i=1,156} of which {Fi=F;i=1,3} F=F=0 F=-9.80605 Fan,)=0hi
FB(h,i,j>:azhij Fejy=Kij  Fodijn=0ih FE(i,j,h,k>:62ijhk Ani=3+h+3-(i-1)  Bnj=Ass+h+3-(i—-1)+9-(j—1)
Cij=B333+1+3-(j—1) Djjn=Cs3+1+3-(j—1)+9-(h—1) Ejjrk=D333+1+3-(—1)+9-(h—1)+27-(k-1).

Definition set: {c /RISCISR2;0£c2<2-n;OSC3SLg} R1=0.001 R,=10 L;=1000.



Conditions: W1(g)zwz(g)=6W3/8C2=6W3/8c3=O W3(R2,C2,C3)=0 6P(g)/6c3=K=—1
P(R>,0,0)=100000 @)

Related files: mad.txt
Exact solution: From here follows
Wi=Ws(c)=K-(c1’—R2))/(4-H) 9)

Note: In the following diagrams, the continuous line and the symbol e (full circle) are
respectively inherent to (9) and solution calculated by PEEI.

Case 1: points-1.txt, points-1.bin, cond-1.txt, sol-1.txt, plot-1.jpg

Case 2: points-2.txt, points-2.bin, cond-2.txt, sol-2.txt, plot-2.jpg

Case 3: points-3.txt, points-3.bin, cond-3.txt, sol-3.txt, plot-3.jpg

Case 4: points-4.txt, points-4.bin, cond-4.txt, sol-4.txt, plot-4.jpg

Case 5: points-5.txt, points-5.bin, cond-5.txt, sol-5.txt, plot-5.jpg

Case 6: points-6.txt, points-6.bin, cond-6.txt, sol-6.txt, plot-6.jpg

Case 7: points-7.txt, points-7.bin, cond-7.txt, sol-7.txt, plot-7.jpg

Case 8: points-8.txt, points-8.bin, cond-8.txt, sol-8.txt, plot-8.jpg

Case 9: points-9.txt, points-9.bin, cond-9.txt, sol-9.txt, plot-9.jpg

Case 10: points-10.txt, points-10.bin, cond-10.txt, sol-10.txt, plot-10.jpg

Case 11: points-11.txt, points-11.bin, cond-11.txt, sol-11.txt, plot-11.jpg

Case 12: points-12.txt, points-12.bin, cond-12.txt, sol-12.txt, plot-12.jpg

Case 13: points-13.txt, points-13.bin, cond-13.txt, sol-13.txt, plot-13.jpg

Case 14: points-14.txt, points-14.bin, cond-14.txt, sol-14.txt, plot-14.jpg

Case 15: points-15.txt, points-15.bin, cond-15.txt, sol-15.txt, plot-15.jpg

Case 16: points-16.txt, points-16.bin, cond-16.txt, sol-16.txt, plot-16.jpg

Case 17: points-17.txt, points-17.bin, cond-17.txt, sol-17.txt, plot-17.jpg

Case 18: points-18.txt, points-18.bin, cond-18.txt, sol-18.txt, plot-18.jpg

Case 19: points-19.txt, points-19.bin, cond-19.txt, sol-19.txt, plot-19.jpg

Case 20: points-20.txt, points-20.bin, cond-20.txt, sol-20.txt, plot-20.jpg

Case 21: points-25.txt, points-25.bin, cond-25.txt, sol-25.txt, plot-25.jpg
Case 22: points-30.txt, points-30.bin, cond-30.txt, sol-30.txt, plot-30.jpg
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