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Laminar Taylor-Couette flow 

 
 
This text is integrating part of the homonymous link in PEEI: a computer program for the 

numerical solution of systems of partial differential equations. 

System of measurement: International System of Units 

Coordinate system: Cylindrical 

Coordinates: c of which c≡{ci;i=1,3} 〈c1〉≡[0,∞) 〈c2〉≡[0,2⋅π) 〈c3〉≡(−∞,∞) 

Coordinate versors: {κi;i=1,3} 

Unknown functions: {w1,w2,w3,P} of which w≡Σi=1,3(wi⋅κi), [wi]≡[speed], w the velocity 
vector, [P]≡[pressure]. 

Deduction of the differential analytical model: 

The c1=c1(x)≡(x1
2+x2

2)0.5 c2=c2(x)≡arcsin(x2/(x1
2+x2

2)0.5)=arctan〈x2/x1〉+K c3=c3(x)≡x3 of 
which x≡{xi;i=1,3} 〈xi〉≡(−∞,∞), imply the x1=x1(c)≡c1⋅cos〈c2〉 x2=x2(c)≡c1⋅sin〈c2〉 x3= 
x3(c)≡c3, where x are the coordinates of a Cartesian coordinate system that have the versors 
{υi;i=1,3}, and K is a constant determined by the trigonometric quadrant of {x1,x2}. Hence 

∂c1/∂x1=cos〈c2〉=x1/c1 ∂c1/∂x2=sin〈c2〉=x2/c1 ∂c2/∂x1=−sin〈c2〉/c1=−x2/c1
2 

∂c2/∂x2=cos〈c2〉/c1=x1/c1
2 ∂c1/∂x3=∂c2/∂x3=∂c3/∂x1=∂c3/∂x2=0 ∂c3/∂x3=1 

∂hi≡∂ch/∂xi=ôh1i3⋅ôh2i3⋅ôh3i1⋅ôh3i2⋅((ŏh1i1⋅x1+ŏh1i2⋅x2)/c1+(ŏh2i2⋅x1−ŏh2i1⋅x2)/c1
2+ŏh3i3) 

∂2
hij≡∂2ch/∂xi∂xj=ôh1i3⋅ôh1j3⋅ôh2i3⋅ôh2j3⋅ôh3i1⋅ôh3j1⋅ôh3i2⋅ôh3j2⋅ 

(δj1⋅(ŏh1i1/c1−(ŏh1i1⋅x1+ŏh1i2⋅x2)⋅x1/c1
3+ŏh2i2/c1

2−2⋅(ŏh2i2⋅x1−ŏh2i1⋅x2)⋅x1/c1
4)+ 

δj2⋅(ŏh1i2/c1−(ŏh1i1⋅x1+ŏh1i2⋅x2)⋅x2/c1
3−ŏh2i1/c1

2−2⋅(ŏh2i2⋅x1−ŏh2i1⋅x2)⋅x2/c1
4)) 

where ŏijhk=1−ôijhk, ôijhk=0 if i=j h=k and otherwise ôijhk=1. 

The κi≡Σi=1,3(κii⋅υi) implies κi⋅υj=Σi=1,3(κii⋅υi⋅υj). This and υi⋅υj=δij (where {δij=0;∀i≠j} {δij=1; 
∀i=j}), imply κi⋅υj=κij and then κij=cos〈αij〉 where αij is the angle between κi and υj. Hence 

κ11=κ22=x1/c1 κ33=1 κ12=−κ21=x2/c1 κ13=κ23=κ31=κ32=0 

κij=ôi1j3⋅ôi2j3⋅ôi3j1⋅ôi3j2⋅((ŏi1j1+ŏi2j2)⋅x1/c1+(ŏi1j2−ŏi2j1)⋅x2/c1+ŏi3j3) 

ijh≡∂κij/∂xh=ôi1j3⋅ôi2j3⋅ôi3j1⋅ôi3j2⋅(δh1⋅((ŏi1j1+ŏi2j2)/c1−((ŏi1j1+ŏi2j2)⋅x1+(ŏi1j2−ŏi2j1)⋅x2)⋅x1/c1
3)+ 

δh2⋅((ŏi1j2−ŏi2j1)/c1−((ŏi1j1+ŏi2j2)⋅x1+(ŏi1j2−ŏi2j1)⋅x2)⋅x2/c1
3)) 
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2
ijhk≡∂2κij/∂xh∂xk=−ôi1j3⋅ôi2j3⋅ôi3j1⋅ôi3j2⋅(δk1⋅(δh1⋅(2⋅(ŏi1j1+ŏi2j2)⋅x1/c1

3+ 
((ŏi1j1+ŏi2j2)⋅x1+(ŏi1j2−ŏi2j1)⋅x2)⋅(c1

−3−3⋅x1
2/c1

5))+ 
δh2⋅((ŏi1j2−ŏi2j1)⋅x1/c1

3+(ŏi1j1+ŏi2j2)⋅x2/c1
3−3⋅((ŏi1j1+ŏi2j2)⋅x1+(ŏi1j2−ŏi2j1)⋅x2)⋅x1⋅x2/c1

5))+ 
δk2⋅(δh1⋅((ŏi1j1+ŏi2j2)⋅x2/c1

3+(ŏi1j2−ŏi2j1)⋅x1/c1
3−3⋅((ŏi1j1+ŏi2j2)⋅x1+(ŏi1j2−ŏi2j1)⋅x2)⋅x1⋅x2/c1

5)+ 
δh2⋅(2⋅(ŏi1j2−ŏi2j1)⋅x2/c1

3+((ŏi1j1+ŏi2j2)⋅x1+(ŏi1j2−ŏi2j1)⋅x2)⋅(c1
−3−3⋅x2

2/c1
5)))) 

The υi⋅υj=δij κi⋅υj=κij Σj=1,3(vj⋅κj)=Σj=1,3(vj⋅υj), imply 

vi=Σj=1,3(vj⋅κji)  (1) 

From F(x)≡F(c(x)) where c(x)≡{ci(x);i=1,3}, follows 

∂F(x)/∂xi=∂F(c(x))/∂xi=Σi=1,3((∂F(c(x))/∂ci)⋅(∂ci(x)/∂xi))≡Σi=1,3((∂F/∂ci)⋅∂ii)  (2) 

∂2F(x)/∂xi∂xj=∂2F(c(x))/∂xi∂xj=∂(∂F(c(x))/∂xi)/∂xj=Σi=1,3(∂((∂F(c(x))/∂ci)⋅(∂ci(x)/∂xi))/∂xj)= 
Σi=1,3((∂F(c(x))/∂ci)⋅(∂2ci(x)/∂xi∂xj)+(∂ci(x)/∂xi)⋅Σj=1,3((∂2F(c(x))/∂ci∂cj)⋅(∂cj(x)/∂xj)))≡ 
Σi=1,3((∂F/∂ci)⋅∂2

iij+Σj=1,3(∂ii⋅∂jj⋅(∂2F/∂ci∂cj)))  (3) 

The continuity equation for incompressible fluids and the stationary incompressible Navier-
Stokes equations for constant viscosity, in Cartesian coordinates are respectively 

Σi=1,3(∂wi/∂xi)=0  (4) 

{ρ⋅(Σj=1,3(wj⋅(∂wi/∂xj))−Fi)+∂P/∂xi−μ⋅Σj=1,3(Σh=1,3(Σk=1,3(δjikh⋅(∂2wk/∂xh∂xj))))=0;i=1,3}  (5) 

of which: w=Σi=1,3(wi⋅υi), [wi]≡[speed], [ρ]≡[density], F≡Σi=1,3(Fi⋅υi), [Fi]≡[force/mass], F the 
body force vector per unit mass, [μ]≡[dynamic viscosity], δijkh≡δik⋅δjh+δjk⋅δih−(2/3)⋅δhk⋅δij. 

From Σi=1,3(wi⋅υi)=Σi=1,3(wi⋅κi) and (1) follows wi=Σj=1,3(wj⋅κji). This, (4) (5) (2) and (3), imply 
(6) and (7). 

Differential analytical model: 

Σi=1,3(Σj=1,3( jii⋅wj+Σh=1,3(κji⋅∂hi⋅(∂wj/∂ch))))=0  (6) 

{Σj=1,3(∂ji⋅(∂P/∂cj)+ 
Σh=1,3(Σk=1,3(ρ⋅κhj⋅ kij⋅wh⋅wk+ 
Σm=1,3(ρ⋅κhj⋅κki⋅∂mj⋅wh⋅(∂wk/∂cm)−μ⋅δjikh⋅ 2

mkhj⋅wm− 
μ⋅δjikh⋅Σn=1,3((∂nj⋅ mkh+∂nh⋅ mkj+κmk⋅∂2

nhj)⋅(∂wm/∂cn)+ 
Σp=1,3(κmk⋅∂nh⋅∂pj⋅(∂2wm/∂cn∂cp)))))))−ρ⋅Fi=0;i=1,3}  (7) 

of which ρ=998.2071 μ=0.001003. The (6) and (7) are respectively, in cylindrical coordinates, 
the continuity equation for incompressible fluids and the stationary incompressible Navier-
Stokes equations for constant viscosity. 

Known functions: {Fi;i=1,156} of which {Fi≡Fi=0;i=1,3} FA〈h,i〉=∂hi FB〈h,i,j〉=∂2
hij FC〈i,j〉=κij 

FD〈i,j,h〉= ijh FE〈i,j,h,k〉= 2
ijhk Ahi=3+h+3⋅(i−1) Bhij=A33+h+3⋅(i−1)+9⋅(j−1) Cij=B333+i+3⋅(j−1) Dijh=C33+i+ 

3⋅(j−1)+9⋅(h−1) Eijhk=D333+i+3⋅(j−1)+9⋅(h−1)+27⋅(k−1). 

Definition set: c R1≤c1≤R2;0≤c2<2⋅π;0≤c3≤L3  R1=1 R2=4 L3=1000. 



Conditions: w1(c)=w3(c)=∂w2/∂c2=∂P(c)/∂c2=0 w2(R1,c2,c3)= I=1 w2(R2,c2,c3)= E=0.9 
P(R1,c2,c3)= I=1000000  (8) 

Related files: mad.txt 

Exact solution: 

From here follows 

w2=w2(c1)≡( I⋅(R2/c1−c1/R2)+ E⋅(c1/R1−R1/c1))/(R2/R1−R1/R2)  (9) 

The equilibrium between pressure and centrifugal forces (and the ∂P(c)/∂c2=∂P(c)/∂c3=0 and 
(9)) imply dP=(w2

2/c1)⋅dc1. From this and (9) follows 

P=ρ⋅(2−1⋅C2⋅c1
2+2⋅B⋅C⋅ln(c1)−2−1⋅B2⋅c1

−2)⋅A−2+D  (10) 

where A≡(R2/R1−R1/R2) B≡( I⋅R2− E⋅R1) C≡( E/R1− I/R2) D≡ I−ρ⋅(2−1⋅C2⋅R1
2+2⋅B⋅C⋅ln(R1)− 

2−1⋅B2⋅R1
−2)⋅A−2 

Note: In the following diagrams, the continuous line and the symbol ● (full circle) are 
respectively inherent to the (9) and (10), and the solution calculated by PEEI. 

Case 1: points-1.txt, points-1.bin, cond-1.txt, sol-1.txt, plot-1-1.jpg, plot-1-2.jpg 

Case 2: points-2.txt, points-2.bin, cond-2.txt, sol-2.txt, plot-2-1.jpg, plot-2-2.jpg 

Case 3: points-3.txt, points-3.bin, cond-3.txt, sol-3.txt, plot-3-1.jpg, plot-3-2.jpg 

Case 4: points-4.txt, points-4.bin, cond-4.txt, sol-4.txt, plot-4-1.jpg, plot-4-2.jpg 

Case 5: points-5.txt, points-5.bin, cond-5.txt, sol-5.txt, plot-5-1.jpg, plot-5-2.jpg 

Case 6: points-6.txt, points-6.bin, cond-6.txt, sol-6.txt, plot-6-1.jpg, plot-6-2.jpg 

Case 7: points-7.txt, points-7.bin, cond-7.txt, sol-7.txt, plot-7-1.jpg, plot-7-2.jpg 

Case 8: points-8.txt, points-8.bin, cond-8.txt, sol-8.txt, plot-8-1.jpg, plot-8-2.jpg 

Case 9: points-9.txt, points-9.bin, cond-9.txt, sol-9.txt, plot-9-1.jpg, plot-9-2.jpg 

Case 10: points-10.txt, points-10.bin, cond-10.txt, sol-10.txt, plot-10-1.jpg, plot-10-2.jpg 

Case 11: points-11.txt, points-11.bin, cond-11.txt, sol-11.txt, plot-11-1.jpg, plot-11-2.jpg 

Case 12: points-12.txt, points-12.bin, cond-12.txt, sol-12.txt, plot-12-1.jpg, plot-12-2.jpg 

Case 13: points-13.txt, points-13.bin, cond-13.txt, sol-13.txt, plot-13-1.jpg, plot-13-2.jpg 

Case 14: points-14.txt, points-14.bin, cond-14.txt, sol-14.txt, plot-14-1.jpg, plot-14-2.jpg 

Case 15: points-15.txt, points-15.bin, cond-15.txt, sol-15.txt, plot-15-1.jpg, plot-15-2.jpg 

Case 16: points-16.txt, points-16.bin, cond-16.txt, sol-16.txt, plot-16-1.jpg, plot-16-2.jpg 

Case 17: points-17.txt, points-17.bin, cond-17.txt, sol-17.txt, plot-17-1.jpg, plot-17-2.jpg 
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