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Abstract

A differential analytical model is a system of so many PDEs in the same (or
lesser) number of unknown functions where each PDE is of any order and can be
nonlinear. Usually the operative interest of such a model is to determine an its
solution when is subject to additional conditions like those boundary or initial.

This work exposes the mathematical basis of a program (freeware in hittp://
www. giacomo.lorenzoni.name/peei/) to numerically solve every differential ana-
lytical model with every set of additional conditions. In particular is exposed
what follows.

Are described the analytical properties of two well known models to ap-
proximate a function: the interpolating polynomial and the cubic spline. The
values of a natural cubic spline and of its derivatives, in the interpolation nodes,
are expressed as linear combinations of the known values of the function to be
interpolated and whose coefficients depend only on the nodes. Are obtained new
bounds for the errors of a cubic spline. Are presented essential aspects of a curve
in a multidimensional Euclidean space, in order to obtain an upper bound for
the absolute maximum value of a derivative defined on a curve. Is shown the
expression of a partial derivative as a linear combination of directional deriva-
tives and is deduced its optimal approximation. Is formulated the expression
of the generic differential analytical model, is identified the main impediment
to knowledge of an its exact solution in not knowing its partial derivatives, is
circumstantiated the context of information contingently available and is showed
how, solving an inherent system of nonlinear equations, can be calculated an
its numerical solution. Is exposed an original algorithm that, in this system
of nonlinear equations, expresses a derivative as a linear combination of unknowns.
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1 Introduction

This paper concerns the generic differential analytical model 111, intended as a
system of so many equations in the same or lesser number of unknowns where each
equation is a PDE (partial differential equation) of any order and generally nonlinear,
and where the unknowns are functions of same independent variables.

The unknown functions of 1 are its exact solution. A discrete solution of 7 is
constituted by a limited number of values that its unknown functions assume in their
domain of definition. A numerical solution is an approximation of a discrete solution.

In relation to 111, usually is had the operating purpose of determine an its numerical
solution when it is specifically subjected to additional conditions such as those initial
or boundary. So in particular the objective of what follows is to determine a numerical
solution of Y11 when is subject to any set of additional conditions.

The symbology of a technical writing aims to make the comprehension univocal
and shorten the exposure. Therefore, with reference to section 2 of [1] (this work is
also available at http://www.giacomo.lorenzoni.name/arganprobstat/ ), are premised the
following definitions.


http://www.giacomo.lorenzoni.name/arganprobstat/

A same object has some names each of which gives to it some properties. An A =B
states that A and B are two names of a same object. In identifying the members of
an expression, each “ =" is considered at last coherently with the parentheses (and
analogously “ 7, “="_%=%7). Is intended A(B) = As, A = AND = “conjunction”,
V = OR = “inclusive disjunction”, V/ = XOR = “exclusive disjunction”. Being P, 2, and
P, three propositions, - is the proposition true if P is false and false if 2 is true,

P, = Py = Py < P, = “from P, follows P,” = “P, entails 7" = “P, show P;” =

-«

“p, gives rise to B;” = “P, implies 2" = “P; is due to £,” = “B; is obtainable from 2,

”

{(P,=> B AN {P. =P} ={P. =B}
{P, || Pz} = “P, subject to condition P;” = “P, of which 2;” = “P, where B;”
(A || B ¢) = “the being A a specification of B of which ¢”

where “ J/ ¢” may be absent causing so the absence of “of which ¢”.
Also it is understood IPM = “the first member of” and

{fI'OI’IlI ArjAg;. . A follows Bg©1B1902Bg--0;B: 0z 1 Bz - 0{‘+§ B%+3} =
{A1 = {Bp ©1 B1}; A2 = {B1 2 Ba};...;A; = {B;_; o; B;}}

where: each of {01, 09,..., <>%+5} is a relational symbol, as for example one of {=#,#,=};
{0;,1Bs41 0 B;+3} may be absent and if is present the validity of its presence is con-
sidered evident; each of {A1, Az, ..., A;} is replaced by symbol “b” when is considered evi-
dent the validity of the corresponding element of {{Bgo1B1}, {B102Ba},...,{B;_;0:B:}}.

A {Ap;h=h, il} is a sequence, and then also a set, of i — ki + 1 elements. Is implicit
{h=h,h}={h;h="h,h}. A {a [ P} is the set of all the different specifications of A
contextually possible when there is the condition 2.

A bijection, i.e. a “one-to-one (injective) and onto (surjective)” correspondence,
between two sets A and B of which A = {Ap;h = l,fz} and B = {By; k = 1,iL}, is a set
of h pairs indicated A <> B and defined by an A «» B = {An,Bynys h = 1,%} of which
{Kn;h=1,h} = {k=1,h}.

A [Apg;h = 1,hk = 1,/%] is the matrix that has h rows, k columns and Ay as
element of h-th row and k-th column. A [By;k =1, /Ac] is a column vector i.e. a matrix
which has k rows and one column.

It’s called R(G) the set of every different value that can have the quantity G; and
R(a), of which @ = {G,,;n = 1,7}, the set of every different 7i-tuple of values that can be
respectively assumed by the quantities G. A fi-tuple like this is also called point of R(G).

It is placed x = {x,;n = 1,7 }. Every analytic function f(x) is understood continu-
ous in its definition domain. A f(x) e C™(R) is equivalent to saying that f(x) is of
class C"™ in R and indicates that every its mixed partial derivative of order less or
equal to 7 is continuous at every x of which x € R. A value of a f(x) is said local
when is understood in a particular point of JR(x).



It is implicit that a f(x) expresses a variable f in the sense of f = f(x). Hence

{f (), F(2)} = {R(f) 2 R{f (2)) UR({f (2))}

When they are not possible misunderstanding, as occurs as long as a variable is
expressed by a only function, the function name may be replaced by that of the variable:
for example one can write y’ instead of y'(x). A f = f(x), of which f ={f;k=1,k}

or f(x) = {fu(x);k =1,k}, is equivalent to {f, = fr(x);k = 1,k}.

2 Two models for approximate a function: the inter-
polating polynomial and the cubic spline.

Are considered the interpolating polynomial and the cubic spline between the
models (for which reference is made in [2], [3], [4], [5], [6], [7], [8]) for approximating a
y(x) of which 9R(x) = [x1,Xp].

Both these models are interpolating i.e. they approximate y(x) on the basis of
knowledge of interpolation points X <>y of which

X<y ={X,,Y,;p=1,p} x={Xp;p=1,p} y={y,;p=1,p}
Yp=Y(Xp) {Xp-1<Xp;p =2,p}

and they assume the y values at the respective X.

2.1 The interpolating polynomial

The interpolating polynomial P;(x), which interpolates the x «» Y, is the polynomial,
of degree at most p — 1, expressed by

P P P P
Pi(x)= D TpxP = Yo Xty XppYp = D Ypheip(X) (1)
p=1 p=1 p=1 p=1
of which
{Tpip=1,p}=L=x""y X=[x""p=1,p;p=1,p]
P p
X = Xopip=L3ip=1,D] Aerp(X) = 2 XXt AL (X) = )0 (0 1) XX
p=1 p=1

The linear system X-I' =y, that defines the coefficients I' of P,(x), is equivalent
to express {Pi(Xp) = Y,;p = 1,p} using the second member of (1). The (1) has at
X = 0 a singular point which however, on the basis of (2.4.2.10) of [1], it is understood
eliminated by A

P,(0) = ii_r)%(l“lx“ + 20 DXy =Ty



which follows from limy_o X" = 1 (which also eliminates a possible indeterminate form
0° that could happen in X).
The X, as well as its transpose éT, is a matrix type said of Vandermonde, of which

-1 B
detx=T] [] xp-%#0

p=1p=p+1

that entail the existence of X! and so the existence and uniqueness of P;(x).

The 85, of which 8 = [dpp;n = 1,757 =1,7], {84, = 0;Vn #n} and {8pn = 1;Vn =
n}, is the identity matrix (also said unit matrix). For A = [Amn;m = 1,750 = 1,7],
|A| [|Amnl;m =1,70;n = 1,71] defines |A| as the absolute value of A. In the case 1 = 7,
the numerical error of A inversion can be measured by the maximum value in the
matrix ’é-é L _§ﬁ|.

The X is typically ill-conditioned since the calculation of X‘1 can induce that
the maximum in |X X1 - | is important, even if p is not large and the numbers
are represented by a long sequence of digits. This inconvenience also relates to the
calculation of T" as solution of X-T" =y.

The same P,(x) expressed by (1) has also the Lagrange form

L,(0)
j’I(X)‘pzlzuxp) p* )Z<x xpm(xp) @
of which
T,(0) = H 5y + (X~ Xp) (1~ ) 7100) = fjl<x %)

and showing Api, () = J1,(x)/ 1, (Xp),

PIp(X) ﬂ; (XP)Z(]- 5ap)H5pa+(1 6pa)( pp"’(1 6pp)(x Xp))

The (2) is advantageously used in place of (1), since, by not requiring the calculation
of X! nor the solution of X-I" =y, implies fewer burdens and numerical errors.

Regardless of the particular form that expresses P;(x), which affects only its
numerical aspect, for its analytical error &;(x) is had

(51 (X)) ( )

En(x) =y(X) = Pu(X) = 3)

En M (x) 2y ® () - 2P (x) = L (gzk(;(') IR W
p=1



of which

1<k<p-1 {&(x) € (x1,x%p);i=1,2}
{Cup € (Xp, Xp+r)ip= 1,0k} {y(x) € C?(R)} = {(3), (4)}

The (3) and (4) imply the respective

(P) (p)y P
60 ()] = 'yfl(x”'w )< q><¥)!>11|x_xp|

WG, S
k)' p=1 = (p k) p=1
of which ®(y(®) = max{|y(p)(x)| Jxe(x1,%)}, Ay = max{|x = Xp|, [X = Xprx|}-

The P;(x) has as inconveniences oscillatory behavior and eventuality that this
increases with p. Indeed, also sensibly expecting for most of cases that, with increasing
the p of X equidistant, the respective interpolating polynomials converge neatly to
y(x), nevertheless this convergence is not always surely attainable, having however in
this regard the improvement of replace the X equidistant with the Chebyshev points
defined by

£nM ()| =

Xp + X1 Xp — X1
{Xp: p + p
2 2

cos(=——m);p=1,p}

Lol Lo

—p
1

2.2 The cubic spline

The natural cubic spline, that interpolates the x «»y, is the piecewise polynomial
function made up by the p — 1 polynomials {8,(x);p =1,p — 1}, in the sense of

8(x) = 8p(x) = {8p(x) | x € Ty} ()

of which T, = [Xp, Xp+1]-
Each of {8,(x);p=1,p -1} is defined in the corresponding J, and has degree at
most 3. The linear system of 4(p — 1) equations

{8p(Xp) =¥ps Sp(Xp+1) = Ypi1sp=1,p -1} (

{Sp1(xp) =8, (Xp);p =2, - 1} (7

{Sp1(xp) =8, (xp);p=2,p -1} (

{87(x1) = 0,851 (xp) =0} (
is solvable in just as many unknowns constituted by the coefficients of these p —1
polynomials.

The numerical burden of knowing the {8,(x);p=1,p - 1} by solving this system
with an algorithm of general applicability, as that of Gauss with the strategy of the



“maximum pivot” referred in [7] and [9], can be reduced by transforming such system
as follows.

Are established {U, = 8;(x,);p = 1,p -1} and Up = 85 (X;), that allow both
replace (8) with the understand {U, =8, _;(X,) = 8,(Xp);p =2, — 1} and write (9) in
the form Uy = Uy = 0.

The definition of §,(x) as a polynomial of degree at most 3 implies that 8 (x) is a
polynomial of degree at most 1. This deduction, U, = 8](x,) and Upy1 = 8, (Xp+1) entail

PE(SZ(X)a {Xaan;a =p,p+ 1} // ?I(X)vx«'»X// (2)>
that gives rise to
Uz)+1(x — Xp) - Up(x — Xp+1)
Ap
of which A, = X,+1 — X, and that, on the basis of (5), show 8(x) € C?(Ry).
From: 8},(x) -V, = [87(x)dx, due to {F(x) = [f(x)dx} = {F'(x) = f(x)}; (10);

follows
Ups1 (X =Xp) = Up(X =X
Sé(x):fsg(x)dx+vp:f o p)A o p+1)dx+vp=
P

Up+1(x - Xp)2 ~ Up(x - Xp+1)2 "
2A

8, (x) = (10)

v, (11)

From: 8,(x) -w, = [8(x)dx; (11); follows

VN _ 2
Sp(x):fSé(x)dx+Wp:fUp+1(x X”)QAU”(X Xp+1) dx+/vpdx+wp:
P
Ups1 (X =%,)2 = Up (X = Xpy1)?
L L 6App P v (X =x%p) + W, (12)

This deduction allows to write (6) as

A%u - Upst = U
p-P _ yp+1 yp _ Uptl pAp;p= Lf)_l} (13)

W, =y — 2 -
Wy =y, ==V A, 6

The (11) and expression of v, in (13) allow to write (7) as

{

ApUp Ap + Ap+1 Ap+1Up+2
6 + 3 Upsl + ——(——

=Yp;p=1,p-2}
of which
_ yp+2 - Yp+1 _ yp+1 - yp
- Ap+1 Ap
and hence, using the matrix notation and introducing (9) in the form Uy = Up =0, as
the linear system $-U =Y of p—2 equations in the just as many unknowns U, defined by

Y

U={Upp=2,p-1} Y={Yyp=1Dp-2} s=[spp;p=1Dp-2sp=1,p-2]



with the elements of § all null except

g oBMtA Ay Apa  Apa+ Ay
11 3 12 6 p-2,p-3 6 p-2,p-2 3
A A, +A 1 A 1 ~
{Sp,p—l = ?p’ Spp = %7 Spp+l = Zé‘*' ip=2,p- 3}

and being such system equivalent to U = §‘1~X of which g‘l = [Spp;p=1,0-2;p=1,p-2]

and hence to
p-2

{Up+1 = Z Sppr;p = ]-»f) - 2}
p=1

The system constituted by (6), (7), (8) and (9) was transformed in that constituted
by (13), u=s""-¥ and Uy = Up, = 0. Therefore the introduction of these into (12) and
(11) makes known the expressions of {8,(x),8,(x);p=1,p - 1}, having in particular

P p
{8'(%p) =8, (Xp) = Do AppYp; VD <D} 8'(Xp) =851 (Xp) = DDy, (14)
p=1 p=1
of which
Spps10pl = Oppdpp Op10ppKpp  Opi1.pKpsl,
App = p,p+ pA ppOpp —( p gp pp | Op+1,pfp+ p)Ap
p

g = Op=%p-1 B5-11Kp-1
b=

Ap 1 6

o8

Ko = p,ﬁ—lépﬁSp—l,p_

‘Spl 5172 Sp-1,p-2
194 A
D

6pf>5p15p—1,p—1(A1_711 + Agl) * A

p—1
where is understood 8, = 1 — 84, whence {Sab =1;Va # b}, {Sab =0;Va = b}, and is
considered null every addend where it appears at least a factor null.

The complete cubic spline 8¢(x) differs from 8(x) only for the substitution of
(9) with the assignment of known values to 8/(x1) and 8/ (xp). The periodic cubic
spline 8y(x) differs from 8(x) only for the substitution of (9) with 8,(x1) = SL(Xp)
and 87 (X1) = 87 (Xp) when y(x1) = y(Xp).

For 8.(x) we have (in [5]) the

AD
(01 = Iy () - 500 < bly ) =
7 At 15)
€Ol =1y (x) = Se(x)] < Zi(y(‘l’)x
of which
@(y(p)) = max{|y(p) (X)| /X € R} A= max{A,;p=1,p-1}
A=min{A,;p=1,p-1} {y(x) e C* (R} = (15)



Other bounds for the errors of the cubic spline are in [2], [3], [4], [8]-

With the increase of p, each subsequent S8¢(x) and its derivatives up to second
order converges to y(x) and its corresponding derivative, with the only condition
that A/A remains limited, and having in the case of X equidistant the most rapid
convergence indicated by

A
|Esc(X)] < éA4<1>(y<4>)

In the limit as p — oo, i.e. as p approaches oo, consistent with the said condition,
the (15) are valid also for $(x) inasmuch this coincides with 8¢(x).

The inconveniences of P;(x), said in section 2.1, are resolved in an excellent way
by 8(x), because the oscillations of this are minimal among those of all the different
functions of class C? in Sy which interpolate the X <>y, and for the said properties of
convergence to the exact value with the increase of p.

2.3 New bounds for the errors of a cubic spline

It is called S(x) a cubic spline which differs from 8(x) only for the replacement of
(9) with another two equations, thus having E(S J/ §), (S J 8) and AE(S: [ 8).
Coherently with this, is understood the possibility of replacing 8§ with 8(x) when
treating properties independent from (9).

From: %y, of which 2y, = {9(x)/|g(x)| = Wy(x); Vx € Ry} with w ) constant;
first mean value theorem for integration said in section 2.4.4 of [1]; follows

J 16 =y [ Il dx =100 [ gG)ax (16)

of which #y(,) = (16), x € Ry, and that gives rise to [ f(x)dx = f(x) [ dx if
9(x) = L.
The (10) and (5) entail
X € (Xp, Xps1) = {8®(x) = %}
P
_ U (17)
S(?)) _ Ug — Uq g(g) R Up —Up-1
() = 2 (1) = 220t
Are considered as implicit
yx)eC'(R) £ =E0(x) £ () =8 () -y (%)
R(tp) = (Xp, Xp+1) L,(t) =t -X, I,(t) =t — Xps1 w(a) = q/|q|

The

I (6)Yps1 — ip(t)yp}
Ap

{E{Xp, Xpe1 1, {E ES T I Xy [/ (3)), 6 € Ty} = {E7(8) - Pu(t) =

{}E<Xpyxp+l //K// (2))7t € jp} = {:Pl(t) =

fp(t)ip(t)5(4)(£A(t))}
2




of which {t €J,} = {&,(t) € Ry, }, and {t e Ry } = {ED(t) = -y (t)} due to (17),
entail A,(t,) = 0 of which

b (D)1, (6)A,
2

Ap(t) = Ap(t) + y(4) (&a(t)) Ap(t) = ARE"(t) + ip(t)g;l), - fp(t)ggl)crl

From: these, distributive property of integration and

/721f(§)d§:7alir%5f7af(§)d§;

(16), and constancy of w(i,(t)I,(t)) if t € Tp; [,(t)1,(t) = I'f,(t) - Apl,(t) due to
Ap = fp(t) _ip(t)3
tp
hm Ap(t)dt =0
a

due to Ay(t,) = 0 and Ry, = (Xp, Xp41); follows

lim atpAp(t)dt: /tp/ip(t)dm % fxtpfp(t)ip(t)y(4)(§A(t))dt _

+
a—>Xp Xp

LR Ey O @) [Tinmdi=s,@)=0 (8

D P

of which &5(t,) € Ry, and

23
0002 ,810) -y - 2O By gy (B0 AR )

From: &, = 0; (16), constancy of w(f,(t)/6 — A,/4) if t € Tp; fXZPBp(t)dt =0 due to
By (tp) = 0 affirmed by (18) and to Ry, = (Xp, Xp+1); follows

3 ,
U (ty) + A - 3A2, (1)
6

fthP(t)dt = 8pE(tp) = Bplp(tp)E, + & -
23 .
Ip(6t;l7) . [ (1, (0)/6 - Ap/4) () y D (€a(8)) db = Cy(1) =0 (19)

P

of which, being & (t,) € Ry, is had

.3 /2 23

(t)-3A, 1 (¢ (t

FOEPVOREHOESS e atio RO
(f§<t> AL (t)
P\ 94 12

— =)y W (1))

10



By implementing for {X,.1,t,} a process similar to that for {x,,t,} has led to (18)
and (19) starting from A,(t,) = 0, are obtained D, (%) = 0 and E,(t,) = 0 of which

Dp(t) = Apgl(t)_Apg;,.,.l " p( )51/ 2p( ) I,),+1
By AP 2(0A
(Ipéi ) + Tg — %)Az)y(@(ﬁn(t))

. i (t) 31, (4)A2 + A3 — (1)
Ep(t) = ApE(t) - Ip(t)Apgzlnl 5” : £ 6 L2 ;I;I+1
4
(Ip(t) -A; Azlp(t) - Ip(t) +AS
24 12
where &,(t,) € Ry, and & (t,) € Ry,
The limit of B,(t,) = 0 as ¢, = X,;1 gives rise, intending (, € Ry, to

EA ) py(4) (e(tp))

8"4— A3
£ -¢, +—””AP+1—;y<4>(cA>:o (20)

P p+1 9

The limit of C,(t,) = 0 as t, - Xp.1 gives rise, considering also &,41 = 0 and
intending (s € Ry, to

A A
£+ ey el Ty D(G) - (21)
The limit of E,(t,) =0 as t, - X, gives rise, intending (. € Ry, to

A A A}
o+ —2EN - Pl - Q—Zy“)(cc) =0 (22)

S S e
The Rolle’s theorem ([10],[11]) asserts
{f(x) € C°[a,b], f(x) € C(a,b), f(a) = f(B)} = 3{f'(x) =0 || xe (a,b)}  (23)
Is placed
r(x) = £7(c) - 20 b0
This, 8(x) € C?(Rx) and 8(x) € C%(Rx — {Xp;p =2, — 1}) (due to (17)) entail

F(Xp) =F(Xpr1) =0 F(X) €C°(T,)  F(x) € CH(Xp, Xps1)

This deduction and E(F(X), Xp, Xp+1// f (%), a, b//(23)) entail, intending ¢, € (Xp, Xp+1),

& =&+ AED () =0 (24)

11



Are placed the

st c{p=1,p-1}  pe>pa  J={dpp=1,p-1} L={Lip=1,p-1}
Up=0;Ypé{p=pa,pe}}  {Jp={1V2};Vpe{p=pa,ps}}
{uvic{p=prnps} {L=0;¥{p#upVi{p#v}} Li=L/ =1 (25)

The writing of A,(t,) =0, Bp(tp) =0, Cp(tp) =0, Dp(¢p) =0, Ep(t,) =0, (20), (21),
(22) and (24) for each of {p = 1, p-1}, subordinated to (25) in the sense that these specify
as follows those that are replaced by the same number of expressions all equal to 0 =0,
gives rise to the homogeneous linear system M - 9/ = 0, (of which 0(A) = [0;¢ = 1,A])
defined by M = [Mye;r=1,m;c=1,A], m=9(p—1) and n = 14p — 12, by

V=[Vie=1,0] = [{EM)ip =1, - 1} {€ ()ip = 1,6 - 11, {E"(B,)p =1, - 1},
{€ip =100, {&5p = 1,01 {ED(G)ip=1,0-1},9]

of which ¢, € (Xp,Xp+1) and Q = {Qgp;p = 1,p - 1;¢ = 1,8} with Qg a ¢-th value of
y@(x) in (X, Xp41), and by the nullity of all the elements of M that are not defined by
M(H(p,1),K(2,0) +p) = Apdyy,  M{H(p,1),K(3,1) +p) =1,(t,) 1y,
M(H(p, 1),K(3,1) + p+ 1) = =1,(t,)81y,
M(H(p, 1), K(4,2) +p) = =Ap T, ()1, (£,)81, /2

M(H<p> 2)3 K<]-7 O) +p) = Apélle7 M(H<pa 2)7 K<3v 0> +p) = _APBIJ,,
M(H(p, 2),K(3,1) +p) = (12 (t,) — A2)81y /2
M(H(p, 2),K(3,1) +p+1) = —L2(£,)8,y /2
M(H(p,2),K(5,2) + p) = Aply () (Ap/4 = 1 (,)/6)81,

-’M(H<p7 3)ap) = A;DélJp M(H(p, 3),K(3,0) +p) = _A;vélJ,,fp(t;n)
M (H(p, 3),K(3,1) +p) = (£ (1) — 34,15 (£,)) 81, /6
M (H(p, 3),K(3,1) +p+1) = —L, (£,)8,y /6
M (H(p, 3),K(6,2) + p) = Al (t,) (A /12 = 1 (1) /24)8

M(H(p,4),K(1,0) + p) = A 51J M(H(p,4),K(3,0) +p+1) = =A,8yy
M (H(p, 4) +p) = p<tp>6m /2
M(H(p,4),K(37 1) +p+ 1) = (A2 —Ip(tp))51\]p/2
M<H<pa4>7 K(7,2) +p) = Ap(Apfzza(tp)M - A§/12 - fi(tp)/6)61Jp
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M(H(p,5),p) = Apdyy,  M(H(p,5),K(3,0) +p+1) = -AL,(£)8,y
M(H(p,5),K(3,1) +p) =1,(1)8,y, /6
M(H(p,5),K(3,1) +p+1) = (BA2L,(¢) + A —1)(1))8,y, /6

M (H(p,5), K(8,2) + p) = Ay () 15(1))/24 - A, (AT (1) - (1) + AF)/12)81y,

M(H(p,6),K(3,0) +p) = 8y, M(H(p 6) K(3,0) +p+1) = =8y
M(H(p,6),K(3,1) +p) = A 52J /2 M(H(p,6),K(3,1) + p+ 1) = A8y /2
M(H(p,6 2) +p) = -A} 52J /12

M(H(p,7),K(3,0) +p) = 8y M(H(p, 7),K(3,1) +p) = Apdyy, /3
M(H(p, 7),K(3,1) +p+1) = Apdyy /6 M(H(p,T),K(10,2) + p) = A28, [24

M(H(p,8),K(3,0) +p+1) =8y M(H(p,8),K(3,1) +p) = —Apdzy /6
M(H(p,8),K(3,1) +p+1) = =A8oy /3 M(H(p,8),K(11,2) +p) = A}, [24

M(H(p,9),K(3,1) +p) =81, M(H(p,9),K(3,1) +p+1) = =8,
M(H(p,9),K(3,2) + p) = ~A,8y1,

of whichpe {p=1,p-1}, H{a,b) =9(a—1) + b and K{a,b) = a(p - 1) + bp.

From 2 is obtained a matrix N with the following steps:

L. are posed the N = [Nyc;7 = 1,m;c = 1,n] = M, {r,,;m = 1,m} = {m = 1,m},
{ca;n=1,n} ={n=1,n}, R=1;

2. if R =K(3,2) + 1 is executed step 8;

is posed P = max{|N(r,, ¢, )|;m = R,M;n = R,K(3,2) };

-~ w

if P =0 is executed step 8;

5. is posed {r,c} = {m,n || P = |N{rm,c, )|}, are exchanged the values between 7,
and 7, and between cy and c;

6. are replaced the {N{(r,,c,);m = R+ 1,m;n = R+ 1,n} with the respective
{N(Tm, ) = N(Tum, ci IN(TR, € ) IN(TR, e )y = R+ 1, M;n = R, N};

7. R is incremented by 1 and it is returned to step 2;
8. R is decreased by 1 and are replaced the {N(ry,,c,);n =m,N;m =1,R} with the

respective {N(7m, ¢n ) /N(rm, cn);n =m,n;m =1,R};
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9. are performed the iterations indicated by {k = 2,R} and at the k-th are re-
placed the {N{r,,,c,);m = 1,k - 1;n = k,N} with the respective {N{r.,,c,) —
N( g, Co IN(Tm, i )sm =1,k = 1;n = k,n}.

The N that is had after this execution verifies still the N- ¥ =04 as when it was
placed the N = 4, with the advantage that each of the rows, indicated by {rg;k =1,R},
of this additional homogeneous linear system gives rise to a corresponding

[

—i Z (rk7 (¢ +3, 2)+p)qu

N{re, K(3,2) + u)E@ (¢) - N{ri, K(3,2) + V)G (&) (26)

o

of which

e {{€()ip=paps}, (€ (t)ip = pa,ps}, (€ (8)ip = pas b}, (€0 = paps + 11,

{&);p=pa,ps + 1}}

{3kl v =€) 30k | Vo 26 ip =P+ 1
This, (24) and p € {p = ps,ps + 1} entail
S” = &p + BUP( u+l 8") + BVD( v+1 5\7)

of which

o

%3 + N ,K(3,2) +u
p=" Z Z (rarﬂ q 3 2) +p>qu Bup = (rap ( > )
g=1p=1 ’

where ap = {k || ¢x =K(3,1) +p}.
This implies

‘%@1 5 =0p+ BUP(EL,HI &)+ BVP(S\;IH &)

of which &p = otp1 — op, Bup = Bu,p+1 — Bup, and that, by introducing p=u or p = v,
gives rise, intending Byy =1 — By, to the respective

BUU( u+l E") Bvu( v+1 ‘9\7) = &y Buv( u+1 E") f-)’vv( v+1 5\;/):—5(\,

By solving with the Cramer’s method ([10]) the system in the unknowns &/, - £/
and £&',; — &/ constituted by these two equations, is had

5// _ Bvu&v + Bwoy —& = Buv&u + Buy &y
u+1 A v+1 - E—

eUV eUV
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of which éuv = vafguu Bquuv
This and the fact that occur Buy = Pw = -1 and Buy = Puu = 0, imply L&l = a2
and &/, - &/ = & /2. These and (24) entail £3)(¢,) = ocu/(ZAu) and EGN(G) =

&,/(24,). Introducing these and &, = &(Q) in (26), is had ¥, = = ¥ 27} NeuvgpQqp
of which

Nkuvgp = N(rk, K{g+3,2) +p)+
N(rau, K(g+3,2) + p) - N(rau+1 ,K(g +3,2) +p)
2A,
N(rav, K{g+3,2) +p) - N(rav+1 JK(g+3,2) +p> (
24,

<’I"k, <3 2) + U)

Tr, K(3,2) + >

and that gives rise to

8 p-1
| Z Z NruvgpQqp| <
g=1p=1
8 p-1 p-1 4 8 4 p-1 8
> 2 NkwvgpQap| € 2 2p(y ™) 3 [Nuvgp| < B(y™) Z Z|Nkuvqp|
g=1p=1 p=1 q=1 p=1¢=1
of which
@, (y@) = max{|y™® (x)| / x e Ry, } o(y™) = max{ly™ (x)| f x € (x1,%5)}

Each different choice of the py, ps, J, u, v and {t,;p = 1,p — 1} gives rise to
a correspondingly different (27) which can possibly enable a further lower upper
bound for some of the {|%.];¢ =1,K(3,2)}. Hence for p=1,p} is in particular
possible to proceed as follows. Is placed {K, = oco;p = 1,p} and are chosen two
natural numbers N, and N,y of which N,y > 2. Are carried the iterations indicated
by {Ny =2,Ny}. For every Ny, if p— Ny > 1, are carried the iterations indicated by
{pa = 1,D—Nv}. In the p,-th of these iterations, is placed pg = py+Ny—1 and are carried
the iterations indicated by {I; = 1, Ny} of which {Ny > Nyp; V{pa = 1}V {pa = D-Niy }}
and {Nyy = Nip; Vpa € {p = 2,p - Ny — 1}}. For every I, are chosen {Jp,tp;p = pa,ps}
and {u,Vv} in conformity with (25), are calculated the corresponding {K,;p = pa,ps+1}
using K, = Zgj 22:1|Nkqup| and k = {k || cx = K(3,2)+p}, and for every {p = py,pp+1}
is replaced K, with K, if K, <K,. After these steps is had

{|&] <k, ®(yW)ip=1,p} (28)
which generally improves with the increase of N,y and, for the evident greater in-

fluence on &, of those of the {J,;p =1,p -1} that are closer to it, even more with
the increase of Nyp.
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3 The maximum absolute value of a derivative de-
fined on a curve of the multidimensional Euclidean
space

A vector, also called free vector, is a straight line segment, defined by a direction
(it can lie on whichever straight line identifiable as an element of a corresponding
infinite set of parallel straight lines), by a sense (its extreme points are distinct as
initial and terminal) and by a length (or magnitude) which is its measure. A vector
applied at a point is a vector which has such point as initial. A versor, also called unit
vector, is a vector which has unitary magnitude.

For a vector %, |%| (of which |%| = x > 0) and V(x) indicate respectively magnitude
and versor of X, being U, the vector which has same direction and sense of x but
unitary magnitude. The product a%, of the real number a and %, is a vector that has
same direction of %, same sense of X if a > 0 or opposite to that of X if a < 0, and
magnitude of which |ax| = |a]|%|; and from this follows x = xU,. The scalar product
A - B of the vectors A and B is defined by A - B = ABcos &,z where o, is the smaller
angle between A and B when these are specified as vectors applied at a same point.

Are placed R = Hi:l R! R' =R = (00, 0), and thus (referring to section 2.4.1 of
[1]) is had R%«» & with " a fi-dimensional Euclidean space. It is intended that & is
equipped with a orthogonal Cartesian reference system, which has coordinates x each
measured on the respective coordinated axes, and which has coordinated versors U, of
which U = {U,;n = 1,11}, each having direction and sense of the respective coordinate
axis. A x= Z?L:l %, Uy, defines % as a vector of " which has the components x. Is
had U,, - Uy = dpn, X - Uy = %,

%-%=x2= (i xnf)n)2 = Zn: Zn:xnxnf)nf)n = i Xi
n=1 n=1n=1 n=1

whose x? = 22:1 %2 generalizes the Pythagorean theorem.

Are placed {C <« [€,¢]} € {®"« R'} and C c ", These define C as a curve lying in
&" and which does not intersect itself. Such C is identified by its parametric functions
x(c) of which xk(c) = {x,(c);n =1,ii} and defined in R(c) of which R, = [E, €], being
¢ the curvilinear abscissa measured on C in the sense that ¢ — € is the length of the
section of C which has xk(€) and x(c) as extreme points. These x(c) constitute the
parametric equations of C i.e. the x = xk(c) of which x = {x,;n=1,1i} € C.

The versor T, tangent to C at the point xk, is expressed by T = T(c) = Zgﬂ T,(C)Vy
of which 7, = x/, with T, the n-th direction cosine of the tangent to C at x and
oriented concordantly with increasing c.

A C is regular if {3, (c) € C'(%R¢);n = 1,1} and thus, in the graphical aspect, if
is, beyond that continuous, also devoid of angular points or cusps where the function
7(c) would have a jump.

The said Y¥2_, x2 = x? has the specification ¥2_, t2 = 1. Multiplying this by (dc)?
and considering T, = dux,, /dc is deduced (dc)? = ¥2_, (dux,,)? (valid for a regular C).

16



Is placed f(c) = f(xx(c)). From: this; the known rules of derivation of a composite
function, T, =xk/,; follows

ACx(0) _ 3 00x)

()= SR = 3 G = V) (29)

where f'(c) is the directional derivative of f(x) at the point x(c) according to
direction and sense of %, the vector V f(x) is the gradient of f(2x) defined by V f(x) =
Yne1 Vn0f(x)/0xy, and of which {9f(x)/0x, = 0f(x)/0 xkyn; Vx = xk}.

The h-th derivative of the product of two functions £(x) and g(x) is expressed by
the Leibniz’s rule ([10],[11])

(£g)™ = Zh: (Z)fw—k)g(k) (30)

k=0

where (Z) is the binomial coefficient defined by

(N) - N! _ H?:N—K+1Z'
K/ k!(N-K)! K!

The symbol “...” generally implies other symbols considered evident, and in
particular when it is inserted in a sequence indicates that this is constituted by
elements that vary from the first to the last neatly with the next trend indicated by the
first two, thus having {s1,s2,...s; || k=1} =81 and {sy1,s2,...8; || k =2} = {s1,82}.

Are placed 0> 1 and

0 f (%)

0Ky, 0Ky, ...0 Ky,

f{nq,;izl,a} = f’l’L1n2...’I’La =

from which it follows in particular f,, = 9f(xk)/0 x,.
From: 0> 1; (29); b; E(ts,fn,0-1/ £,9,h J (30)); follows

£0) _ (y(o-) (Zf 7,)O D = Z(T £,y - i Z( ) (kD) (37

n=1k=0
which gives rise to
9] < Z Z ( )‘T;O_k_l)fgc)‘ <W,d, (32)
of which
n o— 1 R
o= Zz(o )| (o-k-1) bo = max{[fP):k =0,0-1;n=1,1)

n=1 k=0
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Is placed 2; = {t,(C) = Ty;n = 1,1} for which is had P if the {T,;n = 1,1i} are

constant as happens when the curve C is a straight line segment. From: 2., first and
fourth member of (31); follows 1PM

{f(o)

U, = Yt 1079 = max{|f""};n = 1,0}
n=1

ZT f(o D

n=1

< sz(f’ Dl <w, [l 1>|} <=7 (33)

of which

The Uy, < Uy, |f§f:1)| < ®o, (32) and (33) show how 2, entails an upper bound of

|f(°)| i.e. of the maximum absolute value of a derivative defined on a curve, generally
less than that implied by —P.

From: 2., (31); 2, B(f,,,0-1 /19 0/ (31)):...; follows IPM

{f(o) =) Tn]ffﬁ D2 o> Ty Ty 052 =

nin2
’I’L1=1 ’I’L1:1 ’I’L2:1

n Mm

n il
Z Z @n1n2--<no < ?T
2=1 no=1

(34)
The numerosity of the set of all dispositions with repetition of class K of N objects is
N¥. A mgp, is a-th element of b-th disposition with repetition of class ¢ of {m =m,m}
Is had

of which ©,,n,...m0 = Ty Ths - - - Tnofning...ne-

m ™ m (m-mm+1)"
Z Z .. Z Gmlmg...mK = Z G{mea;a=1,K} (35)
mi=1m mo=m mg=m b=1
The

({n=1,0},0,0n,n,. .0, | {m = 110,10}, K, Gy, [ (35))

entails

, oy = e, (36)
1 no=1 b=

where nop, is a-th element of b-th disposition with repetition of class o0 of {n = 1,1}
From: 2, (34), (36); expression of O, n,...n,; follows IPM

)] =
b=1

~0
n

,;a=1,0} = Z TnoblTnob2 e Tnobof"oblnob2~--nobo =
b=1
n° ~
Z|Tnob1Tnob2 R Tnobof"loblnob2~~-nobo| < \IJRO(I)RO = TT (37)
b=1
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of which

o

=N

Uro = é{noba;azl,o} é{na;azl,o} = |Tn1Tn2 . ~Tno|
b=1
. 9°
Oy = max /() J{nee{n=11};a=1,0}
0Ky, 0Ky, ...0 %Ky,

For the |f£f)_1)| of (33) is had E(o-1,f,, J o,fJ (33)) which implies

= {10 <w 1021} 02 | = max{f©2:n = 1,11}

NoNo-1 NoNo-1 nen

This, 2, and (33) entail [{°| < ¥2 |f5£;?1|; and, by decreasing subsequently in
the same way up to 0 the derivation order of the second member, is reached the first
bound of

{91 <L [rgng s | < WeBro) = 2 (38)

of which |fn,_y. .y | = max{|fnngy..nl;n = 1,1}
The comparison between (37) and (38) show Wy, = 9 which can be confirmed as
follows. From: definition of Wy

}E({TL = 17 ﬂ}7 o, é{ngba;azl,o} // {m = m7 m}a K, G{nLKba;azl,K} // (35)>7
definition of C:){na;aﬂ’o}; b; b; definition of Wy; follows

0= Zé{nobma 1o} = Z Z Z Oning.my = DD Z|’cn1’cm...’rno|=

ni=1no=1 ni=1ng=1
n
> [l 3 ol z T = (Zm)
ny=1 no=1 no=1 n=1

4 The approximation of a linear combination of di-
rectional derivatives that expresses a partial deriva-
tive at a intersection of some curves

Is considered the set of curves {C_;c=1,¢} of which &> 1,
{A;E(chccaﬁm}}{cna éca éc //ga C, XK, XKp, éa c // (29))a§ = Ec(éc); c=1, é}
Ce1 = éc =0 Ccic = éc {Cc7i—1 < Cci;i = 27ic} 60 = CclC Ic € {7/ = laic}

This gives rise to the linear system T-D = F of which

T=[Ten;c=1,8n=1,ii] Ten = %K., (Ce) D= {8§>(<X) =1,1}
Q) OISOy gy poprieste) Re=f6) (e = f0x(0)
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Is considered the {cpp;n = 1,10 = 1,6} that verifies

{detlbqt();b:l,f)} Tp = [Te,n;n = 1,050 = 1,14

This and (2.3.4) of [1] entail {D=T,"-F,;b=1, b} of which

lb’lz [Tonn;n = 1,00 =1,1] F, = {F¢,,;n=1,1}

and which gives rise to

-1 N _ y —
{Dap =T, -Fapib=1,b} Dap = {-Dapnin = 1,11} Fap = {-Fac,,;n =10}
The D =T,'F, and Dy, = T, -F,, imply D+D,, = T;1-F, +T, 1 -F,, from which follows

gb:lb_1~§b §~b59+gAb;{g~bn;n:1’ﬁ} gbn:aéfig)

—Dawn
&y =Fy+Fpp ={&,,in =11} Ec=Fe—Fac
Is considered every Fa. as a known approximation of the unknown F., by following,
for Dy, = Ib‘l “Fppand D= Ib‘l -Fy, that every Day, is a known approximation of the

unknown 0f/0x,, and therefore that &, , and Eyn are the errors of the respective
approximations of F., , WithAFAc"b and of 9f/0x,, with Dapy,-
The B(Ce;,fe(Cei);i =110 [ Xp,Y(Xp);p = 1,p /| (14)) allows to place

Fac = 2 Acifc(cci) (39)
=1

whose {A;;i = 1,i.} are knowable by means of

B(Ce, {Ceisi = 1,ic} [ Xp, {Xp;p = 1,} / (14))
{BE(Aei;i =110 [ App;p= 1,0 [ (14)); V1. < i.}
{B(Aei;i =100 [ dp;p = 1,p [ (14)); V1, = 1.}

The E(F.,Fac, -/ y’(xp),g'(xp),gl') J/ section 2.3), due to (39) and &, = F. — Fac,
entails |€.| < K.@. whose K, is knowable by means of £(-E., K., @ [ £, Ky, d(y®y
(28)) and of which @, = max{[{{*)| J c € (0,¢,)}. i i

This and AE(f.(c.),4 //f(c),0/ (32),(38)) allow to place @. = P b, whose P, is
known. Therefore is had €| < .. of which V. = Kb, and with V. known.

The &, = lgl - & has the expression {&p, = X1o1 Tonne,,;n = 1,01} that, on the
basis of |E.| < V.., gives rise to {|c‘:'bn| <Ppnd;n = 1,0} of which ¢ = max{d.;c=1,¢}
and whose 1, is made known by Ppn = Zﬂ=1|Tbnn|ﬂ)Cnb.

These bounds imply that the most convenient, among the alternative {Epnib=1, B},
is the &, of which B = {b || ¥y, = min{Pp,;b=1,b}}.
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From: this and &, = 0f/0%5 —Dabn; Dabn = ey TonnFac,, (due to Dy, =T;1Fuy);
(39); fe(ce) = f(x (Cc)); follows

ie -
Cn

of(x) Z Acoyifens (Copni) + Ean =
i=1

0xp,

il il

=Dagn + gﬁn = Z TﬁnnFAcng + gﬁn = Z Tsnn
n=1 n=1

ie -

nB

il
Z Tsnn z Acn[-;if(ﬁcng(ccnﬁi)) + gén
n=1 i=1

that, admitting &, ~ 0, gives rise to

Q
S~
~
]
N’

o
&

N TénnAanifcm; (Ccm;i) (40)

as an approximation of the linear combination of directional derivatives Zﬁzl TannFe,s»
which, according to D = Tj_l - Fs, expresses J0f(x)/0x, at the point x of which

{x=x.(C);c=1,¢}.

5 The formulation of a differential analytical model
and its numerical solution as the unknowns of a
total system

The generic differential analytical model 11, whose solution is (as said in the
introduction) the purpose of this paper, has an expression $(x) of which

My = {Em(F,,(2),D,, (%), By (2)) =0im=1,m}  F,(x) SE(x) D, (x)<cD(x)
Fom (%) CF (%) E(x) = {Fm(x)im=1,1m}  D(x)={D4(x);d=1,d}
Fy(x) = {Fxm(x);m =1+ 1,0} Fy(x) = {Fao(x);0=0,04}

m < 04>0 mg € {m=1,m} Fao = Fny, Fgs, = Dq
_ aOdFmd = _ aIE‘ol,o—l _ aOFmd L ~
Dd:a B ) {Fdoz P :8 P ) 50_1a0d}
Xngr OXngy « - - Xndéd Xndo Xng1 OXngy « - - OXng,

where: F(x) are unknown functions which appear autonomously (i.e. as derivatives
of order 0) or in D(x) as functions to be derived; D(x) are unknown functions, since
they are derivatives whose functions to be derived are the unknown F(x); F(x) are
functions whose values are known at the points of R(x) where is desired to know
the F(x); each {ngo;0 = 1,0} (of which 1 <0 < 04) is a combination generally with
repetition of class o of the {n = 1,1i} and is replaceable by an its permutation as
enables the Schwarz’s theorem ([10],[11]); x is arbitrary unless x € R,.

The knowledge of F(x) can be considered prevented by not knowing D(x), in the
sense that, if these were functions known of F(x), 11(x) would be solved as a system
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of # non differential equations in the 1 unknowns constituted by the F(x). Therefore
a solution of M1, numerical as it is understood in the following, can be obtained by
removing this obstacle by means of approximating the values of D(x) with known
functions of values of F(x).

One such solution is a set of numbers called §, of which

S={fpim=11m;p=1,p}  f,,~8Fn(x,) x,eR
X={x,;p=1P}cR, 1<P+o0
In seeking a §, are given as known R, X, {F,(x,);p=1,P} and contingently a set
of conditions € of which
Cc {{Fm(ép) —Fup = 0;m =1,1m},
{Fdo(ép)_idopzo;oz176d;d: la&};p: 1a}5} (41)

where each F,, (gp) — Fp = 0 means that F,,(x) has at x,, the known value Fpp, and
similarly for each Fg, (§p) —Fgop =0.

These € imply the eventuality that at some x, become all known the E(ép) ie.
the chance of some relations of type

{Fm(gp) —Fmp=0m=11m}cC
and therefore give rise to a
X={x,;p=1,p}={x,;p=1p} cX

such that the numerosity of ¥ is the maximum compatibly with being at each X
unknown at least one of the E(gp). Moreover is had also the eventuality that the € do
take the form 0 =0 to some equations of a 1(X,).

Is called M, the system of m, equations constituted by the

€ {Fao(x,,) ~ Faop, =0;0=1,04;d = 1,d}

and by those that are obtained by removing from m(gp) the equations that the €
reduce to the useless form 0 = 0.

A such M, can be lacking in some of the {{Fm(gp);m = 1,1}, {Dd(gp);d = 1,61}},
may include some of the € and is had

%PE{Epm(Epm’me(gp));m: 1vﬁ1p} E CEpE{FPm;mzl’ﬁlp}gE(gp)

Lom =
me(gp) ng(gp) E{Dpd(gp);d::l?ap} mpgmp Opd>0 mpde{m::l?m}
Epd = {F‘pdo; 0=0, 6pd} de() = Fmpg i:"pdépd = Dpd
O
Dpq = 9 dempd
pd =
0% g1 0%y - - - 8xnpd.dpd
OF d.o—1 J°F
- — pd,0 _ Mpd o
{Fpao = = . ;0=1,0pa} (42)
0%npgo O%npg 0%npgy - 0%y,

22



where: F, are unknown and appear autonomously or as functions to be derived; D, (gp)
are all treated as unknown even if some of them are made known by €; each {npqo;0 =
1,0pa} is a combination generally with repetition of class Opq of the {n =1,14}.

Therefore the total system 9, of which 9t = {My;p = 1,p}, is a system of Ny
equations, of which R = ZE:1 my,, where are unknown {D,(%,);p = 1,p} and the o,
values {F,;p = 1,p} of which %, = Zgzl my, < N,. Expressing then each of {Dpa(%,);d =
1,0,;p =1,p} by means of a respective

Dpd(%,,) = Dpd (£ ,q:Epa) = D(F 4) + Epa ~ D(F ) (43)

of which Foa = {Fodizi=1,ppa} € {Fim,a(x,);p = 1,P}, Foa € {E,;p=1,p}, and where
D(ipd) is a known function that approximates Dpq (ipd, Erpd) with an error Erpq of
which is admitted Erpq ~ 0; I becomes a system {ETS(Ep;p =1,p) = 0;5 = 1,R;},
nondifferential and generally nonlinear, of R equations in the N, unknowns { Fpp;m =
1,mp;p =1,p}, and that according to N, < Ny, can be solved with the known methods
of numerical analysis such as that of Newton-Raphson reported in section 2.4.5 of [1].

Indeed this method is feasible by calculating some successive solutions of a linear
system and, in the case, as is 9, of a number of equations N not less than the number
of unknowns N;, each of these solutions is obtainable by applying the (2.3.4) of [1],
and in particular using the Gauss’s method with the variant of “maximum pivot” and
with the only modification of considering all the N equations even if the implicated
pivots are only N;.

In seeking a §, as the € are contingently known other conditions, each consisting
of an equation similar to those of M, i.e. of the type A(B(x),C(x),x) = 0 of which
B(x) € F(x) and ¢(x) € D(x), but imposed only on some of the X i.e. only on the
elements of a X of which X > X. Each of these other conditions can be introduced
as follows: are added to F(x) an auxiliary unknown function F,(x) and to 17 the
corresponding equation multiplied by F,(x); are added to € the conditions constituted
on having F,(x) the values respectively 1 and 0 in the elements of i and X - i

6 The approximation of a derivative of the total sys-
tem with a linear combination of local values of
the function to be derived

6.1 The set of rectilinear segments

In relation to X = {x,;p =1,P} said in section 5, are placed

%, = {xpn;n =11} {a,b} c{p=1,P} dab5\| > (%bn = Xan)?
n=1

Xpn ~ Xan

il
’fab = Z Tabnf)n Tabn = a
ab

n=1
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S0 dab, Tab, Tabn are respectively the distance between x, and x,, the versor of the
straight line through these and oriented from x, to x;, the n-th cosine director
of such line.

It is understood that from X is deducible a set R of straight line segments, whose
numerosity is maximum compatibly with the

R={R,;r=1,R} R>1 {3x,€R,;p=1,P} E(R,, I, T fr [/ C,C,E,C [ sec. 3)
r-=Rq1 =0 E||A"T:

dap BTE{§F.”.;Z':1,§T}:BTQE ir23
{Rpi <R30 =13, -1} Rpi=dpyp,, (44)
Are considered the {x,;k = 1,k} of which x, # %;.. The condition for which these k

points lie on a same straight line is expressed by {T1x = wiT 13k =2, k- 1}, of which
wp = +1 and

(Tik = Witk =2,k -1} =
{{Tikn =Ty in = LAY V{Tign =~y 3n = Lk k =2,k -1} (45)
on the basis of
{T1k = WpTip} = {T1k - Un = Ty - Unsn = LA} = {Typn = Wty ;n = 1,0} =
{Tikn = Tigin = LA V{Tign = —Tyg,im = LA}

The knowledge of {P,;r =1,R} can be achieved with the following algorithm. Are
placed R =0,

Agpi = {~{Tar = Witapi k= o, Brhir = LR} Bap = 3 {Tak = wiTa || x5, € X {x,,%,}}
and are carried out the (g) iterations {I,p;b=a+1,P;a=1,P —1}. For each I, if

{{Aabs | &> 0} ABa } V/{{R = 0} A By |

(this condition can be controlled by means of (45)) R is incremented of 1 and are
placed oy = a, Bz = b. After these iterations are known the {o, B,;r = 1,R} and are
carried out the iterations indicated by {r = 1,R}. For each r, is placed i, = 0 and are
carried out the iterations indicated by {p = 1,P}. For each p, if

{Zop = Wy, ) A{D € {0t By )}

then i, is incremented of 1 and is placed P =p. After these P iterations, is modified
the subsequent order of the elements of {P,;;7 = 1,i,} so as to have

3 dPr1Pm‘ = max{dP’r‘aPTb; a= 1viT; b = 17{7“} {dePm’ < dPrlPr,Hl;i = 27iT - 1}
At the end of this algorithm is known the {P,;;4 = 1,i,;7 = 1,R} that makes known

{P,;r =1,R}.
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6.2 An original algorithm that expresses, by means of a tree
graph, the linear combination that approximates a deriva-
tive of the total system.

An approximation (43) of a Dpa(X,) (of which (42)) can be obtained using as a
logical schema an oriented tree graph implemented by means of

{E(Fpa,o-1(x) [ f(x) [/ (40));0=1,0pa}

and of the segments R of section 6.1.

A graph &, of which & = {N,A}, is constituted by a set of nodes N of which
= {Nj;n = 1,7}, 7 # oo, and by a set of arcs A of which & = {A5;a4 =1,d}, @ # oo,
& = (Na,Nb), Na Eﬁ, Nb GB.

An arc (Ng,Np) is directional since it identifies the nodes N, and Ny, respectively as
the origin and destination of an inherent way.

Ac={A;;i=1, - 1}, of which Az, = (Ng,,Nj,,, ) € A, defines C as a path of G i.e.
as a way that goes from Ny, to Ny, passing successively for the {Ng,;i=2,1—1}.

A G is connected if {EIC V{an, 7} € N}. A G is oriented or not oriented,
respectively if (N,,Np) £ (Np,Ng) or (Na,Nb) = (Np,Ng). AGisatreeifa=mn-1
and is connected the graph that is deduced from it by adding to each (N,,N;) a
respective (Np,Ng). A oriented tree G has a root node Ny, of which Ny € N, that verifies
{NeN-Ny} = 3{C | {Nn,, N, } = {X, N} } or

(Ne8-Nu} = 3{C || {Na,, N, } = (R, 5} (46)

A Nj; =S affirms that the object S is associated with the node N;. The oriented
tree G, which is used to obtain an approximation (43) of a Dyq (gp), is in particular
specified, besides that by @ =7 -1 and (46), by

> |20

N={N ¢ 4= 0,0pa} N = {quna = 1,104} Njy = Nijy, =Ng -3 {4 || Ng €ﬁ<‘jpd}
{~3{8 | (Na, N0} €8, }10=0,8pa}  {-3{Aa | Na €Ny, Ny €801 }1g = 0,6pa - 1
= {(Nflqﬁ’N’ffqﬁnq);I] = 17f]qﬁ,n;n = 1)ﬁ7ﬁ = 17/’//I’Aq;q = 076pd - ]-}
and (with reference to (42) and X, = x,, ) by Ny, = Dpa(x,, ), Dot = Pp,
{Nﬁqﬁ = ﬁpd75p(l_q(§ﬁqﬁ); ﬁ = 1,’]’/),:1; q= 1, épd - 1}
(S0 = P, )i = L)
of which {pgs € {p = 1,P};n = 1,774;¢ = 0,0pq} and X = {§p;p = 1,pP}, and (with
reference to (41) and (44)) by
{{ T pa6pa- q(ipqn) B 6pa-a.5p0 = 0} € €Y= =3 (Na,,, o) € A7 = 1,3 = 1,8p0 — 1

{{ Tigring =F Pd Opd—q— 1( P, ,J);IJ = 171.]q7’7,n}71.]qﬁn i7’qnn7n 1 Il n=1 nqaq 0 Opd 1}
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of which 744, € {r = 1,8}, R = {R,;7 = 1,R}, N2_, Ryin = Xpou-
The identification of the G in question is completed by

{]'E< pd,6pa— q(qu”) Mpd,bpq-a° {{i‘%pd,épd—q—l(&DT(”,”L,J )in =1, i"’qﬁn }’qum in=1, ﬁ}//

8g(x) s {{fes (Cei)ii = Lie 1, jim =1} [/ (40));7i = 1,415 = 0, 6pa — 1}

n

that gives rise to

n "gn
{de Opd— q(qun i Z Z gnny pd Opa—q— 1(fprn );ﬁz]_,’ﬁfq;q:(),opd—l}
n=1 n=1
where each Agpny is known as a specification of the Tgp,nAc i of (40), having

{{foqﬁw = AquIJ;IJ = l’f.]qﬁn}?ﬁqﬁn qunn’n 1,1 n=1 nqaq 0 Opd 1}

In what has just been said, is used the set of straight line segments R instead of
a set of curves generally not straight, because (as said in section 3) the maximum
absolute value of a derivative defined on a curve is generally less if this is a straight
segment, and therefore is generally less also the inherent error (of the type (28)) that
influences (as said in section 4) the previous approximation.

Inherently the oriented tree graph &, is considered the set {C,;k =1, R} of every
path ¢, of which -3¢ > &,. Each ¢, is a path that goes from Ny to a node of ﬁépd to
which is associated an element of F pd (argument of (43)) or that goes from Ny to a

node of {N ;g =1,0pa} to which is associated the known value of an element of € (of
which (41)). Therefore is had

{Cok=1k} = {{&,;a=1,a},{¢:b=a+1k}}

whose ¢, and €, are respectively of the two types just now said, and thus the
searched approximation (43) of Dpa(%,,) can be the

a
Dpd(%,) # Cpa + 3, Ak, Finya (%5,,,)
a=1
of which
R —
d = Z Ay, G, Kp 4o © X Frmpa (§E~pda) € ipd
b=a+
where €, is one of the values known in € and Ay (of which k = k,V k) is the product
of all factors of type Agpny that are associated with the nodes ¢,.
Substituting Fu,, (x5 ,.) with ¥ 8pp,4, Fim,q(%,,) in the previous approximation

of Dpa(%,,), is had

~ ]3 ~
Dpa (gp) ~Cpa + Z ApdpFim, (§p) (47)
p=1
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of which Apap = X0, Ak, 8ps,,, and whose {Apqp;p = 1,7} and €,q can be made
known by an algorithm based on

B(x, (R, in=1,i} [ x.{C, in=1,i} ] (40))

which gives rise to

af(x o} ir pnn
3 N Z Z pnni Tpnn (r""pnn'b)
n=1 ¢=1

where each Ap,n; is known and (with reference to (44)) relating to the point x

Pr nnt

Such algorithm is written as follows in a pseudo-language derived from the Visual Basic:

{Bp =0;p: ].,13} Nznpdépd
Forn=1Ton

T =Tp nn
For i =1 To i;
BPM = Ail)pNHi
Next ¢

Next n

Ca=0 IB=T
For g=1 To Opa -1

N ="Npd,6,4-¢

If iB=T Then
IB=F
Call SubrA(g,N, {Ay;p=1,0},{By;p=1,7},€pa)
Else
IB=T
Call SubrA(q,N, {By;p=1,}, {Ay;p=1,0},C,q)
Next ¢
If iB=T Then
Call SubrB({B;p =1, f)}aépda {Apdzﬁp =1,7})
Else
Call SubrB({A,;p=1,P},€pa, {Apap;p = 1,0})
End If
Sub SubrA(g,N, {Ay;p=1,0},{By;p=1,0},Epa)
{A,=0;p=1,p}
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For p=1To P
If {ﬁpd@pd—q(ﬁ) - ﬁpd,épd—q,p = 0} € g Then

€pa = Cpa + BpFpd,6,0-g,p

Else
For n=1 To
T = Tpan
For i =1 To i;
Ap,, = Ap,, + By Apani
Next ¢
Next n
End If
Next p
End Sub
Sub SubrB({A,;p=1,7},€pa, {Apap;p = 1,P})
For p=1 To P

If {Fin,q(%,) =~ Fmyap = 0} € € Then

de = de + .Amepdp

Apap =0
Else
Apdzo =Ap
End If
Next p
End Sub

7 Conclusion

The definitions, procedures and results presented in this paper have been used to
implement a computer program to which has been given the name PEEI (as acronym
for “Programma agli Elementi di Estensione Infinitesima”) and which is aimed at nu-
merically solve any differential analytical model.

More precisely, this program calculates (if is not impossible) a numerical solution
of every system of partial differential equations, with number of equations not lower
than that of its functions unknowns, and subjected to any additional condition like
those initial or boundary.

The program PEEI is freeware and available in http://www.giacomo.lorenzoni.name/peei/
together with numerous application examples that confirm its reliability through the
comparison of its solutions with those exact.
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