
Displacement as function of strain and rotation 
tensors. 

Definitions and positions 

• Coordinate system: Cartesian 
• Coordinates: x of which x≡{xi;i=1,3}, x a point of the deformed medium. 

• Coordinate versors: {υi;i=1,3} 

• Displacement: S of which S=S(x)≡Σi=1,3(Si(x)⋅υi) 

• Strain and rotation tensors: εij and ωij of which εij=εij(x)≡(∂Si(x)/∂xj+∂Sj(x)/∂xi)/2 
ωij=ωij(x)≡(∂Si(x)/∂xj−∂Sj(x)/∂xi)/2 ∂Si(x)/∂xj=εij(x)+ωij(x) 

• Total differential of ƒ(x): dƒ(x) of which dƒ(x)≡Σi=1,3((∂ƒ(x)/∂xi)⋅dxi) 

• Curvilinear abscissa: c of which A≤c≤B x(c)≡{xi(c);i=1,3} xA≡{xAi;i=1,3} x(A) 
xB≡{xBi;i=1,3} x(B) i(c)≡Si(x(c)) ij(c)≡εij(x(c)) ij(c)≡ωij(x(c)) 

• Deductions 

• dSi(x)=Σj=1,3((∂Si(x)/∂xj)⋅dxj)=Σj=1,3(εij(x)⋅dxj+ωij(x)⋅dxj) 

• dSi(x(c))=Σj=1,3(εij(x(c))⋅dxj(c)+ωij(x(c))⋅dxj(c)) 

• d i(c)=Σj=1,3( ij(c)⋅dxj(c)+ ij(c)⋅dxj(c))=Σj=1,3( ij(c)⋅xj′(c)⋅dc+ ij(c)⋅xj′(c)⋅dc) 

• d i(c)=Σj=1,3( ij(c)⋅xj′(c)⋅dc− ij(c)⋅(xBj−xj(c))′⋅dc) 

• i(B)− i(A)=Σj=1,3(∫A,B( ij(c)⋅xj′(c)⋅dc)−∫A,B( ij(c)⋅(xBj−xj(c))′⋅dc))  (1) 

• From ∫a,b(ƒ(x)⋅g′(x)⋅dx)=ƒ(b)⋅g(b)−ƒ(a)⋅g(a)−∫a,b(g(x)⋅ƒ′(x)⋅dx) (equation (2.4.4.26) in 
Argomentazioni analitiche di probabilità e statistica.) follows 

• ∫A,B( ij(c)⋅(xBj−xj(c))′⋅dc)= ij(B)⋅(xBj−xj(B))− ij(A)⋅(xBj−xj(A))−∫A,B((xBj−xj(c))⋅ ij′(c)⋅dc)= 
− ij(A)⋅(xBj−xAj)−∫A,B((xBj−xj(c))⋅ ij′(c)⋅dc)  (2) 

• ij′(c)=dωij(x(c))/dc=Σk=1,3((∂ωij(x(c))/∂xk)⋅xk′(c))  (3) 

• ∂ωij(x)/∂xk=0.5⋅∂(∂Si(x)/∂xj−∂Sj(x)/∂xi)/∂xk=(∂2
Si(x)/∂xj∂xk−∂2

Sj(x)/∂xi∂xk)/2= 
(∂2

Si(x)/∂xj∂xk+∂2
Sk/∂xi∂xj−(∂2

Sj(x)/∂xi∂xk+∂2
Sk/∂xi∂xj))/2= 

(∂(∂Si(x)/∂xk+∂Sk/∂xi)/∂xj−∂(∂Sj(x)/∂xk+∂Sk/∂xj)/∂xi)/2=∂εik(x)/∂xj−∂εjk(x)/∂xi  (4) 

• From (4) (3) (2) follows 

• ∫A,B( ij(c)⋅(xBj−xj(c))′⋅dc)=− ij(A)⋅(xBj−xAj)−∫A,B((xBj−xj(c))⋅Σk=1,3((∂εik(x(c))/∂xj− 
∂εjk(x(c))/∂xi)⋅xk′(c))⋅dc). From this and (1) follows 

• i(B)= i(A)+Σj=1,3( ij(A)⋅(xBj−xAj)+ 
∫A,B(( ij(c)⋅xj′(c)+(xBj−xj(c))⋅Σk=1,3((∂εik(x(c))/∂xj−∂εjk(x(c))/∂xi)⋅xk′(c)))⋅dc)) 

• Si(xB)=Si(xA)+Σj=1,3(ωij(xA)⋅(xBj−xAj))+∫A,B(Θi(c)⋅dc)  (5) 

• Θi(c)≡Σj=1,3(εij(x(c))⋅xj′(c)+(xBj−xj(c))⋅Σk=1,3((∂εik(x(c))/∂xj−∂εjk(x(c))/∂xi)⋅xk′(c))) 
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